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10. Residual GW CBCU as described by arbitrator Dreher would occur under 
the 5-Run Proposal and is also likely to increase in the future as stream drying 
becomes more acute.  The Integrated Solution does not have a residual GW 
CBCU. 
 
11. Based on the foregoing analysis and conclusions it is apparent that 
Nebraska’s 5-Run Proposal is not an appropriate technical modification to the 
RRCA Accounting Procedures. 
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Figure 6a: Scatter Diagram of Computed and Measured Groundwater Level Changes  
from 2001 to 2010 for Wells in Nebraska. 

 

 
 

Figure 6b: Well Series Plot Comparing Computed and Measured Groundwater Level Changes  
from 2001 to 2010 for Wells in Nebraska. 

   

 (40)

 (30)

 (20)

 (10)

 ‐

 10

 20

 (40)  (30)  (20)  (10)  ‐  10  20

C
o
m
p
u
te
d
 W

at
e
r 
Le
ve
l C

h
an

ge
 (
fe
e
t)

Measured Water Level Change (feet)

Water Level Changes: Nebraska 2001‐2010

 (40.00)

 (30.00)

 (20.00)

 (10.00)

 ‐

 10.00

 20.00

 30.00

W
at
e
r 
Le
ve
l C

h
an

ge
 (
fe
et
)

Water Level Changes 2001‐2010: All Nebraska Wells

Computed Water Level Change Measured Water Level Change

WSY/RC 
K33 

30 of 81



A‐8 
 

 
 

Figure 7a: Scatter Diagram of Computed and Measured Groundwater Level Changes  
from 2001 to 2010 for Wells in Colorado. 

 

 
 

Figure 7b: Well Series Plot Comparing Computed and Measured Groundwater Level Changes  
from 2001 to 2010 for Wells in Colorado.   
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Figure 8a: Scatter Diagram of Computed and Measured Groundwater Level Changes  
from 2001 to 2010 for Wells in Yuma County, Colorado. 

 

 
 

Figure 8b: Well Series Plot Comparing Computed and Measured Groundwater Level Changes  
from 2001 to 2010 for Wells in Yuma County, Colorado. 
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Figure 9a: Scatter Diagram of Computed and Measured Groundwater Level Changes  
from 2001 to 2010 for Wells in Chase County, Nebraska. 

 

 
 

Figure 9b: Well Series Plot Comparing Computed and Measured Groundwater Level Changes  
from 2001 to 2010 for Wells in Chase County, Nebraska. 
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Figure 10: Example Hydrograph Comparing Computed and Measured Groundwater Levels  
for Well 410332101082701 located in Lincoln County, Nebraska. 
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Figure 11: Example Hydrograph Comparing Computed and Measured Groundwater Levels  

for Well 404605101384001 Located in Perkins County, Nebraska. 
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= 

 
Figure 12: Example Hydrograph Comparing Computed and Measured Groundwater Levels  

for Well 402210102215000 Located in Yuma County, Colorado. 
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Figure 13: Graph Showing Irrigation Return Flows in Kansas, Nebraska, and Colorado  
as a Fraction of Irrigation Pumping. 
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Figure 14a: Difference in GWCBCU – Average Climatic Conditions: 
RRCA Method minus Integrated Solution. 

 

 

 

Figure 14b: Difference in GWCBCU – Average Climatic Conditions: 
5‐Run Proposal minus Integrated Solution.   
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Figure 15a: Difference in GWCBCU – Variable Climatic Conditions: 
RRCA Method minus Integrated Solution. 

 

 

 

Figure 15b: Difference in GWCBCU – Variable Climatic Conditions: 
5‐Run Proposal minus Integrated Solution. 
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Figure 16: Difference in Computed Water Supply – Average Climatic Conditions:  
RRCA Method minus Integrated Solution and 5‐Run Proposal minus Integrated Solution. 

 

 

 

Figure 17: Difference in Computed Water Supply – Variable Climatic Conditions:  
RRCA Method minus Integrated Solution and 5‐Run Proposal minus Integrated Solution.

‐25,000

‐20,000

‐15,000

‐10,000

‐5,000

0

5,000

10,000

15,000

2005 2010 2015 2020 2025 2030 2035 2040 2045 2050 2055 2060

D
if
fe
re
n
ce
 in

 C
W
S,
 A
cr
e
‐F
e
e
t

Difference in Computed Water Supply: RRCA Method minus Integrated Solution 
and 5‐Run Proposal  minus Integrated Solution

Average Climatic Conditions

RRCA Method

5‐Run Proposal

‐30,000

‐20,000

‐10,000

0

10,000

20,000

30,000

2000 2005 2010 2015 2020 2025 2030 2035 2040 2045 2050 2055 2060

D
if
fe
re
n
ce
 in

 C
o
m
p
u
te
d
 W

at
e
r 
Su
p
p
ly
, A

cr
e
‐F
e
e
t

Difference in Computed Water Supply: RRCA Method minus Integrated Solution 
and 5‐Run Proposal minus Integrate Solution

Variable Climatic Conditions

RRCA Method

5‐Run Proposal

WSY/RC 
K33 

40 of 81



A‐18 
 

 

Figure 18a: Difference in Allocation – Average Climatic Conditions: 
RRCA Method minus Integrated Solution. 

 

 

 

Figure 18b: Difference in Allocation – Average Climatic Conditions: 
5‐Run Proposal minus Integrated Solution. 
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Figure 19a: Difference in Allocation – Variable Climatic Conditions: 
RRCA Method minus Integrated Solution. 

 

 

 

Figure 19b: Difference in Allocation – Variable Climatic Conditions: 
5‐Run Proposal minus Integrated Solution. 
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Figure 20a: Difference in Compact Compliance – Average Climatic Conditions: 
RRCA Method minus Integrated Solution. 

 

 

 

Figure20b: Difference in Compact Compliance – Average Climatic Conditions: 
5‐Run Proposal minus Integrated Solution. 
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Figure 21a: Difference in Compact Compliance – Variable Climatic Conditions: 
RRCA Method minus Integrated Solution. 

 

 

 

Figure 21b: Difference in Compact Compliance – Variable Climatic Conditions: 
5‐Run Proposal minus Integrated Solution. 
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Table 1: Compilation of Irrigation Pumping and Irrigation Return Flow from 1940 to 2010 as Reported to 
the RRCA by Colorado, Kansas, and Nebraska. 

 

Year 
Irrigation Pumping  Irrigation Return Flow  Fraction of Irrigation Return Flow 

Colorado  Kansas  Nebraska  Colorado  Kansas  Nebraska  Colorado  Kansas  Nebraska 

1940  1,346  3,405  37,411  404  1,022  11,223  30.0%  30.0%  30.0% 

1941  1,402  2,732  30,894  421  820  9,268  30.0%  30.0%  30.0% 

1942  1,900  4,099  32,301  570  1,230  9,702  30.0%  30.0%  30.0% 

1943  2,819  5,409  43,642  846  1,623  13,112  30.0%  30.0%  30.0% 

1944  2,901  4,541  36,628  870  1,362  11,008  30.0%  30.0%  30.1% 

1945  2,302  5,150  52,091  691  1,545  16,272  30.0%  30.0%  31.2% 

1946  3,616  6,287  54,937  1,085  1,886  17,215  30.0%  30.0%  31.3% 

1947  5,655  5,852  44,167  1,697  1,756  13,761  30.0%  30.0%  31.2% 

1948  8,355  5,494  34,217  2,507  1,648  10,786  30.0%  30.0%  31.5% 

1949  10,818  5,524  41,134  3,245  1,657  12,887  30.0%  30.0%  31.3% 

1950  13,987  7,644  20,814  4,196  2,293  6,665  30.0%  30.0%  32.0% 

1951  13,382  4,957  16,403  4,015  1,487  5,257  30.0%  30.0%  32.0% 

1952  25,658  13,136  37,180  7,697  3,941  11,734  30.0%  30.0%  31.6% 

1953  26,343  14,166  46,239  7,903  4,250  14,344  30.0%  30.0%  31.0% 

1954  38,708  22,522  79,373  11,612  6,757  24,396  30.0%  30.0%  30.7% 

1955  53,198  36,986  92,698  15,959  11,096  28,021  30.0%  30.0%  30.2% 

1956  81,808  66,607  149,712  24,542  19,982  45,452  30.0%  30.0%  30.4% 

1957  63,839  58,011  167,480  19,152  17,403  51,212  30.0%  30.0%  30.6% 

1958  64,301  66,158  124,591  19,290  19,848  38,756  30.0%  30.0%  31.1% 

1959  97,655  85,436  275,470  29,297  25,631  84,847  30.0%  30.0%  30.8% 

1960  90,282  94,722  268,480  27,085  27,606  82,263  30.0%  29.1%  30.6% 

1961  87,671  79,315  222,413  25,472  22,883  67,587  29.1%  28.9%  30.4% 

1962  86,757  73,950  135,464  24,392  20,799  41,059  28.1%  28.1%  30.3% 

1963  142,954  123,345  314,917  38,842  33,548  94,064  27.2%  27.2%  29.9% 

1964  214,073  184,225  331,942  56,005  49,665  98,372  26.2%  27.0%  29.6% 

1965  155,393  140,506  277,703  39,119  36,564  81,890  25.2%  26.0%  29.5% 

1966  275,095  205,817  378,582  66,726  51,962  110,059  24.3%  25.2%  29.1% 

1967  362,137  231,738  443,896  83,885  57,769  128,330  23.2%  24.9%  28.9% 

1968  464,363  263,347  604,914  103,235  63,225  173,241  22.2%  24.0%  28.6% 

1969  531,688  303,593  584,179  112,737  70,795  165,793  21.2%  23.3%  28.4% 

1970  601,750  370,066  903,174  121,851  83,594  253,722  20.2%  22.6%  28.1% 

1971  630,744  424,963  881,976  127,341  93,492  244,300  20.2%  22.0%  27.7% 

1972  572,578  360,368  811,664  115,603  77,507  222,780  20.2%  21.5%  27.4% 

1973  609,592  454,316  888,881  123,701  94,498  241,517  20.3%  20.8%  27.2% 

1974  928,838  549,301  1,220,349  187,474  110,465  328,054  20.2%  20.1%  26.9% 

1975  880,638  462,786  1,264,274  177,226  89,413  336,215  20.1%  19.3%  26.6% 

1976  1,006,365  777,187  1,621,818  202,940  149,289  426,919  20.2%  19.2%  26.3% 

1977  919,057  520,707  1,246,573  184,955  100,154  324,442  20.1%  19.2%  26.0% 

1978  1,032,721  672,554  1,689,826  207,185  128,514  436,185  20.1%  19.1%  25.8% 

1979  834,075  441,661  1,182,022  167,133  84,477  301,894  20.0%  19.1%  25.5% 

1980  855,547  534,424  1,549,146  172,352  103,277  391,823  20.1%  19.3%  25.3% 

1981  875,096  561,600  1,111,538  175,911  107,236  278,400  20.1%  19.1%  25.0% 

1982  662,140  420,593  1,036,258  133,088  81,149  257,066  20.1%  19.3%  24.8% 

1983  654,017  466,787  1,204,466  131,304  90,008  297,833  20.1%  19.3%  24.7% 

1984  818,038  519,377  1,491,538  163,959  100,370  362,420  20.0%  19.3%  24.3% 

1985  684,041  474,299  1,368,050  137,674  91,062  328,743  20.1%  19.2%  24.0% 

1986  721,067  552,279  1,390,985  145,232  105,144  331,735  20.1%  19.0%  23.8% 

1987  756,271  431,503  1,301,147  151,531  85,169  307,768  20.0%  19.7%  23.7% 

1988  847,765  464,451  1,639,301  162,054  91,737  383,603  19.1%  19.8%  23.4% 

1989  711,202  532,617  1,514,249  136,469  107,069  349,833  19.2%  20.1%  23.1% 

1990  743,432  512,588  1,718,934  136,075  98,395  392,986  18.3%  19.2%  22.9% 

1991  670,431  477,883  1,908,252  123,489  88,768  431,798  18.4%  18.6%  22.6% 

1992  696,201  263,613  1,123,510  127,509  46,869  251,702  18.3%  17.8%  22.4% 

1993  654,381  255,110  549,078  119,628  40,179  121,570  18.3%  15.7%  22.1% 

1994  827,192  392,065  1,519,332  151,617  59,726  332,647  18.3%  15.2%  21.9% 

1995  680,446  366,239  1,752,046  124,131  54,428  380,042  18.2%  14.9%  21.7% 

1996  594,535  364,518  1,101,024  108,090  50,396  235,820  18.2%  13.8%  21.4% 

1997  721,848  414,693  1,758,118  131,998  51,085  372,074  18.3%  12.3%  21.2% 

1998  744,589  382,800  1,604,741  134,098  43,380  335,454  18.0%  11.3%  20.9% 

1999  643,548  333,959  1,178,570  115,724  38,007  243,417  18.0%  11.4%  20.7% 

2000  901,788  495,708  2,245,099  160,118  55,777  458,496  17.8%  11.3%  20.4% 

2001  876,397  451,543  1,774,258  155,370  65,559  363,542  17.7%  14.5%  20.5% 

2002  906,631  569,053  2,495,095  161,160  80,733  511,836  17.8%  14.2%  20.5% 

2003  890,479  520,436  2,149,726  157,780  72,387  441,155  17.7%  13.9%  20.5% 

2004  730,747  518,221  1,891,480  129,883  71,050  387,084  17.8%  13.7%  20.5% 

2005  724,983  425,789  1,660,810  124,574  57,620  339,850  17.2%  13.5%  20.5% 

2006  761,664  464,920  1,673,444  130,791  61,700  343,381  17.2%  13.3%  20.5% 

2007  650,306  446,107  1,367,300  111,738  58,658  279,886  17.2%  13.1%  20.5% 

2008  660,933  432,559  1,418,878  113,613  56,153  291,758  17.2%  13.0%  20.6% 

2009  522,724  324,167  1,288,940  89,798  41,839  264,932  17.2%  12.9%  20.6% 

2010  669,739  394,294  1,179,792  115,027  50,884  241,954  17.2%  12.9%  20.5% 
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Table 2: Comparison of the Fractions of Irrigation Return Flow from 2001 to 2010 as Reported to the 
RRCA by Colorado, Kansas, and Nebraska. 

 

Year 

Fraction of Irrigation Return Flow 
Difference of Irrigation 
Return Flow Fraction 

Corresponding Amount 
of Return Flow 
(acre‐feet) 

Colorado  Kansas  Nebraska 
Colorado 
minus  
Kansas 

Nebraska 
minus 
Kansas 

Colorado  Nebraska 

2001  17.7%  14.5%  20.5%  3.2%  6.0%  28,127  105,941 

2002  17.8%  14.2%  20.5%  3.6%  6.3%  32,534  157,850 

2003  17.7%  13.9%  20.5%  3.8%  6.6%  33,923  142,151 

2004  17.8%  13.7%  20.5%  4.1%  6.8%  29,694  127,755 

2005  17.2%  13.5%  20.5%  3.7%  6.9%  26,466  115,101 

2006  17.2%  13.3%  20.5%  3.9%  7.2%  29,711  121,298 

2007  17.2%  13.1%  20.5%  4.0%  7.3%  26,230  100,103 

2008  17.2%  13.0%  20.6%  4.2%  7.6%  27,812  107,564 

2009  17.2%  12.9%  20.6%  4.3%  7.6%  22,333  98,575 

2010  17.2%  12.9%  20.5%  4.3%  7.6%  28,597  89,702 
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Detailed Description of the Integrated Solution 
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Introduction 
 

Appendix B presents an approximate solution for the states’ impacts on computed 
baseflow that sum to the total impact within a tolerance that can be made as small as desired, and 
appropriately distributes pumping impacts among the states. We refer to this approximation as 
the integrated solution, which can be specified to either include or exclude imported water from 
the base case. 

The integrated solution addresses the nonlinearity of stream depletion that occurs over the 
range of pumping due to stream drying; that is, as pumping increases, less streamflow is 
available to be depleted. The depletion response can be conceptualized as a normally decreasing 
function over the range of pumping from zero to the total reported pumping by the three States 
during any given time period. If the range of pumping is subdivided into a large number of 
slices, or intervals, then for each interval of total pumping we find, as the width of each interval 
approaches zero, the sum of the States’ depletions due to varying each State’s pumping 
separately over the range of the interval equals the total impact due to varying all of the States’ 
pumping together. That is, as the intervals get smaller, the sum of the States’ impacts becomes a 
better approximation for the total impact over that interval, and an exact solution for the States’ 
impacts exists at the limit as the width of the intervals approaches zero. At that limit, the sum 
over the incremental impacts is represented as a continuous integration to give the exact solution. 

Two techniques are used to give a good approximation for the exact solution. The 
mathematical basis for these techniques is described below, under Methods. One technique is to 
subdivide the range of pumping into intervals, and to calculate impacts over the range of each 
interval. A second technique is to represent the average depletion response over the range of each 
interval in calculating the impacts. To illustrate this technique, consider the full range of 
pumping as a single interval. The average depletion response for each State’s impact can be 
applied to this interval by taking the average of two cases: first, the impact of  turning the State’s 
pumping off with all other pumping on; and second, the impact of turning the State’s pumping 
on with all other pumping off. 

Similarly, this averaging technique can be applied for any number of intervals. With ten 
stress intervals, each State’s impact is calculated over ten-percent intervals of pumping in two 
“directions” and then averaged. For the interval between 90 and 100 percent of total pumping, 
each State’s impact is calculated (a) with the State’s pumping at 90 percent, holding the other 
States’ pumping at 100 percent; and (b) with the State’s pumping at 100 percent, holding the 
other States’ pumping at 90 percent. The average depletion response over this interval is applied 
by taking the average of impacts according to stress decrements as in (a) and stress increments as 
in (b). 
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The integrated solution applies these techniques to approximate the exact solution as 
closely as desired. The solution is described in the next section and then demonstrated with an 
example that applies ten-percent stress intervals and average response functions to historical 
conditions for years 1918-2010. Results for this example show that the discrepancy with respect 
to the total impact is negligible. 

Appendix B ends by presenting stream depletion characteristics over the full range of 
pumping for the total basin and for several accounting subbasins. These characteristics are a 
result of the integrated solution applied to the scenario of average future conditions described in 
the Expert Report and projected to year 2059. 

Method 
The mathematical basis of the integrated solution is the total differential, a concept from 

calculus first introduced by Gottfried Leibniz in 1684 (see Zeidler et al., 2004; Oboukhoff, 
1940). The total differential states in effect that, at any point on a function, the total incremental 
change in the function equals the sum of impacts due to small variations in its independent 
variables in the limit as the magnitude of those variations approaches zero. This concept is 
commonly applied in uncertainty analysis (Wikipedia, 2012). 

The total differential of a function can be visualized as a tangent that equals the function 
at a single point on the function. The tangent is a line for a function of a single independent 
variable, and a plane for a function of two variables; the concept generalizes to more than two 
variables but is difficult to visualize. With imported water supply (IWS) excluded from the base 
case, computed baseflow is treated as a function of a single variable to calculate the total impact 
of pumping, and as function of three variables to calculate the impacts of each state’s pumping. 
Alternatively, computed baseflow can be treated as a function of four variables if IWS is 
included in the base case. 

The total differential is approximated to calculate the total impact of pumping on 
computed baseflow for small but discrete variations in pumping by the three states. This is 
accomplished with the RRCA groundwater model with no model changes over the full range of 
pumping. The discretized total differential is then integrated by summing the impacts over the 
pumping intervals. 

For computed baseflow with no IWS in the base case, the terms of the total differential, 
referred to as partial differentials, are represented by the product of a partial derivative and a 
change in the independent variable. The partial derivatives quantify how stream depletion varies 
over the range of pumping by each state. It is this variation that the integrated solution addresses 
in order to eliminate the approximation error from the calculation of the states’ impacts. 

The integrated solution can improve accuracy through two approaches. First, the width of 
stress intervals can be reduced, with corresponding increases in the number of pumping intervals 
and model runs. Second, the impacts calculated for each pumping interval can be approximated 
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using either forward or central differences, as in the next section. Forward differences can be 
applied using either stress increments or decrements, and approximation error is roughly a linear 
function of stress interval. Impacts of both stress increments and decrements are calculated using 
a version of Willem’s acct program. 

Central differences greatly improve the approximation of impacts compared with forward 
differences, and can be expressed as the average of forward difference approximations based on 
stress increments and decrements. The central difference approximation is applied as a 
spreadsheet operation to average impacts calculated for stress increments and decrements. Using 
these techniques, the integrated solution is both computationally practical and accurate. 

Parameterization of stress intervals 

The stress fraction, f, is defined to parameterize stress intervals ii fPh   for the ith stress, 
and fPh  for the jointly applied stresses, so that as the combined or individual stress fraction 
varies between 0 and 1, the combined stress P or individual stress Pi varies from no pumping to 
full pumping. The number of equal discretization intervals fn 1 ; and for a given 
discretization, the kth stress fraction nkf k   for k from 0 to n. This parameterization is used to 
discretize the integration of the total differential over the range of pumping as a summation of 
impacts over stress fractions from 0 to 1. 

Model runs corresponding to a given set of stress fractions are specified using the 
command STRESSF, which was added to a version of the Republican River Preprocessor named 
rrpptestv4. Specified stress fractions can be passed to the program as command line arguments. 
This feature is used in batch procedures to automate the required model runs for a sequence of 
stress intervals. 

Discretization of total differential 

 
The total differential of computed baseflow as a function of m independent variables is 

approximated by 
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where iP  represents a small but finite change in each stress.  With IWS excluded from the base 
case, the number of independent variables m=3, and only pumping stresses are considered in 
Equation (1). 

The subscript k indicates that each term in Equation (1) represents the impact of varying 
the associated stress with respect to baseflow conditions in which pumping is held at a fraction fk 
of full pumping, where nkf k  . For example, if pumping is discretized into ten steps (n=10) , 
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then for k=9, the impact of variation in each state’s pumping is calculated with respect to a base 
case that includes 90 percent of all pumping in the model. 

 

Each partial derivative, ik PQ   in Equation (1) represents the depletion response to 
change in a given stress, Pi, holding the other stresses constant at conditions defined for the kth 
stress fraction. As the increments iP  approach zero, the sum of terms given by Equation (1) 
converges to the total differential. At this limit Equation (1) is linear, i.e. its terms are additive, 
and the sum of terms equals the impact of the pumping stresses combined into a single variable. 
With IWS included in the base case, computed baseflow is treated as a function of four 
independent variables corresponding to the stresses of the three states’ pumping and the imported 
water supply. If IWS is excluded from the base case, computed baseflow is treated as a function 
of three independent variables, Q(P1, P2, P3),where P1, P2, P3 correspond to Colorado, Kansas 
and Nebraska pumping. 

Total impact and integration over range of stresses 

 The total impact for the kth stress interval is calculated independently for comparison 
with the sum of terms given by Equation (1). For this purpose, computed baseflow is treated as a 
function of a single variable, Q(P), where P is the sum of the three states’ pumping,  iPP . 

(If IWS had been included in the base case, P would include IWS as a term in the sum of four 
stresses.) The total depletion response to pumping is represented by the derivative dPdQ , 
which is approximated by 

 
P

PQPPQ

P

Q








 )()(  (2) 

This is a forward differences approximation that is used in calculus to define the derivative in the 
limit as P  approaches zero. For each stress interval k from 1 to n, the total impact is given by 

  )()( PQPPQP
dP

dQ
Q kk

k

k   (3) 

The two terms on the right-hand side represent two model runs that differ in total pumping by 
P , which could be either a stress increment or decrement. The total impact is integrated over 

the range of pumping by summing the incremental impacts, 
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 (4) 

The total impact given by Equation (4) does not vary with respect to the number of discretization 
intervals, n, defined above. This is explained by substituting the right-hand side of Equation (3) 
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into Equation (4), in which case all intermediate terms cancel and only the outside terms 
corresponding to full pumping and no pumping remain. However, calculating the total impact for 
each stress interval is useful for comparison with the sum of state pumping impacts given by (1). 
The total impact over the full range of pumping given by (4) is compared with the integration of 
(1) over the full range of pumping, which is described next. 

Integrating the total differential 

The discretized total differential given by (1) is integrated over the full range of stresses 
between no pumping and total pumping by summing each partial differential in (1) over k stress 
intervals from 1 to n. This integration is denoted by the approximation 
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The states’ pumping impacts for the kth stress interval in each summation on the right-hand side 
of Equation (5) are calculated with respect to base case conditions defined for the kth stress 
fraction. The discrepancy associated with the integrated solution is given by the difference 
between the sum of terms in Equation (5) and the total impact according to Equation (4). 

Finite difference approximations 

The approximation error in Equation (1) depends both on the discretization interval, iP , 
and on how the partial derivatives are approximated. The principal ways to approximate the 
partial derivatives are by forward and central differences; see, for example, Conte and de Boor 
(1980). 

Forward differences 

A forward difference approximation of the partial derivatives in (1) is given by 
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Then each term in (1) is given by 
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This approximation is first-order accurate; i.e. the approximation error varies linearly 
with iP . Each term of Equation (1) is an incremental impact that is given by (7), and which is 
evaluated by calculating the differences in computed baseflow between two model runs. 

Note that Equation (7) approximates the impact of a stress increment, as opposed to the 
impact of a stress decrement, which is expressed by 
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Central differences 

A central difference approximation of the partial derivatives in (1) is given by 
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In this case, each term in (1) is approximated by 
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The central difference approximation can often improve an approximation substantially, and 
turns out to be very useful for our purposes. 

The central difference approximation can be implemented as the average of impacts 
given by two forward difference approximations, where one is calculated from stress decrements 
and the other from stress increments. Adding and subtracting the term Q(Pi) to the numerator in 
(6) gives 
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Equation (11) provides a convenient way to apply central differences, which is 
implemented as the average of impacts taken with respect to either side of a specified interval. 
Note that the sum over n stress intervals can be evaluated either as a sum over the averages given 
by (11), 
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or as an average of sums given by 
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Equation (13) expresses the central difference approximation as an arithmetic average of 
two forward difference approximations that correspond to stress increments according to (7) and 
stress decrements according to (8). 
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Equation (13) is implemented as follows. First, after making the necessary model runs, 
the accounting program acct_base_incr, a version of Willem’s acct program, is used to evaluate 
the forward difference approximations separately, once for stress increments and once for stress 
decrements. Second, the output from the accounting program is imported into Excel, where their 
arithmetic average is calculated to apply the central difference approximation according to 
Equation (13). 

A version of the accounting program to calculate impacts, acct_basemon_incr, calculates 
impacts for each stress interval and integrates by summing impacts over the full stress range for 
either stress increments or decrements. An alternate version, acct_base2012, can be used to 
calculate and incremental impacts for each stress interval, which can be assembled in Excel to 
illustrate solutions in terms of incremental and cumulative impacts over the ranges of the 
stresses, parameterized by the stress fraction from 0 to 1, i.e. from zero to 100 percent of total 
pumping. 

Model run naming conventions 

Naming conventions for the model runs used to calculate incremental impacts were 
invented for testing and demonstration purposes; they deserve explanation and, eventually, 
improvement. Model runs were initially named to calculate impacts of stress decrements with 
IWS in the base case. Additional model runs were prepared and named to calculate impacts of 
stress increments. These naming conventions are explained as follows. 

Model runs for impact accounting with IWS in the base case are named as variants of the 
RRCA base cases (12p.* for years 1918-2000, and 2001-2010.* for years 2001-2010). Model 
runs for impact accounting without IWS in the base case are named as variants of the RRCA no-
mound impact cases (12p4.* for years 1918-2000, and 2001-2010d.* for years 2001-2010). 

Fractions are denoted “ptf”. Examples: 0.0 is pt0, 0.025 is pt025, 0.1 is pt1, 0.5 is pt5 and 
0.9 is pt9; but 1 (“ON”) is denoted by 1. Model runs with all stresses held at the same fraction 
are denoted by a suffix “ptfALL”, e.g. pt0ALL, pt025ALL, pt1ALL, pt5ALL and pt9ALL. Such 
model runs represent either reference or combined impact cases. With IWS in the base case, file 
names for a model run with all stress fractions at 50 pct have the suffix 12p _pt5ALL for the 12p 
model (1918-2000), and 2001-2010_pt5ALL for the 12s model (2001-2010). With no IWS in the 
base case, corresponding suffixes are 12p4 _pt5ALL and 2001-2010d_pt5ALL. 

Stress decrements: 

Model runs with a stress decrement applied to one of the three or four stresses are 
denoted by a suffix identifying the impact stress fraction followed by the source of the stress 
(CO, KS, NE or MD) and then the stress decrement; the reference stress fraction is not identified 
explicitly. The four possible sources of the stress correspond to pumping by each of the three 
States (CO, KS and NE) and Imported Water Supply (IWS), also identified as the mound and 
abbreviated MD for identifying model runs. Examples: 
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pt9CO_pt1: Colorado pumping is reduced by 10 percent from 100 to 90 percent. With IWS in 
the base case, suffixes for the 12p model (1918-2000) are 12p for the reference case and 
12p_pt9CO_pt1 for the impact case. Suffixes for the 12s model beginning in 2001 2001-2010 for 
the reference case and and 2001-2010_pt9CO_pt1 for the impact case. With no IWS in the base 
case, corresponding suffixes are 12p4 and 12p4 _pt9CO_pt1 for the 12p model (1918-2000), and 
2001-2010d and 2001-2010d_pt9CO_pt1 for the 12s model (2001-2010). 

pt8CO_pt1: Colorado pumping is reduced by 10 pct from 90 pct to 80 pct. Reference and 
impact suffixes with IWS in the base case are 12p_pt9ALL and 12p_pt8CO_pt1 (12p model), 
and 2001-2010_pt9ALL and 2001-2010_pt8CO_pt1 (12s model). Reference and impact suffixes 
with no IWS in the base case are 12p4_pt9ALL and 12p4_pt8CO_pt1 (12p model), and 2001-
2010d_pt9ALL and 2001-2010d_pt8CO_pt1 (12s model). 

pt0CO_pt1: Colorado pumping is reduced by 10 pct from 10 pct to zero. 

Stress increments: 

Model runs with a stress increment applied to one of the three or four stresses are denoted 
by a suffix that identifies the reference stress fraction followed by the impact stress fraction and 
then the source of the stress (CO, KS, NE or MD); the stress increment is not identified 
explicitly. Examples: 

pt8_pt9CO: Colorado pumping is increased by 10 pct from 80 pct to 90 pct. Reference and 
impact suffixes with IWS in the base case are 12p_pt8ALL and 12p_pt8_pt9CO (12p model), 
and 2001-2010_pt8ALL and 2001-2010_pt8_pt9CO (12s model). Reference and impact suffixes 
with no IWS in the base case would be 12p4_pt8ALL and 12p4_pt8_pt9CO (12p model), and 
2001-2010d_pt8ALL and 2001-2010d_pt8_pt9CO (12s model). 

pt9_1CO: Colorado pumping is increased by 10 pct from 90 pct to 100 pct. Reference and 
impact suffixes with IWS in the base case are 12p_pt9ALL and 12p_pt9_1CO (12p model), and 
2001-2010_pt9ALL and 2001-2010_pt9_1CO (12s model). Reference and impact suffixes with 
no IWS in the base case would be 12p4_pt9ALL and 12p4_pt9_1CO (12p model), and 2001-
2010d_pt9ALL and 2001-2010d_pt9_1CO (12s model). 

pt0_pt1CO: Colorado pumping is increased by 10 pct from zero to 10 percent. 

Application to ten-percent stress intervals with central differences 
We show how the integrated solution is applied for ten-percent stress intervals with IWS 

excluded from the base case and central difference approximation of response functions. 

Impacts of ten-percent pumping decrements begin from all pumping ON to 90 percent, 
with impacts calculated with respect to all pumping ON; then from 90 percent to 80 percent, with 
impacts calculated with respect to all pumping at 90 percent; and so on. The last ten-percent 
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reduction is from ten percent to zero pumping, with impacts calculated with respect to all 
pumping at 10 percent. 

Similarly, impacts of ten-percent pumping increments begin from all pumping OFF to 10 
percent, with impacts calculated with respect to all pumping OFF; then from 10 percent to 20 
percent, with impacts calculated with respect to all pumping at 10 percent; and so on. The last 
ten-percent increment is from 90 percent to 100 percent pumping, with impacts calculated with 
respect to all pumping at 90 percent. 

Two forward difference approximations of pumping impacts are given by (a) the sum 
over the impacts of 10-percent pumping decrements, and (b) the sum over impacts of 10-percent 
pumping increments. The central difference approximation is given by the average of these two 
sums according to Equation (13). This is equivalent to taking the average of impacts due to 10-
percent pumping decrements and increments, respectively, for each interval and summing over 
the intervals according to Equation (12). This approach is also useful for the purpose of showing 
accurate plots of incremental and cumulative impacts over the range of pumping. Some of these 
are shown below for future average conditions. 

Results 
The total impact discrepancy for the integrated solution is given by the difference 

between the sum of terms in Equation (5) and the total impact according to Equation (4). The 
discrepancy for the above example is plotted in Fig. 1 for years 1950-2010. Table 1 summarizes 
statistics for this discrepancy for the periods 1950-2000 (mean error = –0.8 afy, standard 
deviation = 4.0 afy).  and 2001-2010 (mean error = –2.5 afy, standard deviation = 6.1 afy). 

These statistics show that, within the error tolerance summarized in Table 1, the 
integrated solution equals the exact solution for the states’ gw CBCU. The exact solution cannot 
be calculated, since that would require continuous integration of the total differential (Equation 
(1); but we can come as close to it as we wish, limited only by computing requirements. 

Table 2 summarizes the integrated solution for the states’ CBCU with no IWS in the base 
case, averaged over years 2001-2010 for each accounting point. The solution is calculated for 10-
percent pumping intervals with centered response functions, i.e. central difference approximation 
of the partial derivatives. Columns (left to right) correspond to the accounting subbasins, 
computed baseflow without IWS, total impact of gw CBCU, each state’s gw CBCU, the IWS 
Credit according to the RRCA AP, net NE impact (gw CBCU – IWS Credit), sum of the states’ 
gw CBCU, and discrepancy (mean error and standard deviation for 2001-2010). 

The two columns on the right-hand side of Table 2 show that this integrated solution has 
a negligible discrepancy over this time period for all accounting points. With a discrepancy this 
small, the integrated solution with 10-percent intervals and centered response functions 
effectively equals the exact solution that would be given by a continuous integration of the total 
differential. 
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Incremental and cumulative impacts: depletion characteristics for average futures 

Each term of Equation (1) is a partial derivative (i.e. response function) integrated over a 
stress interval. Plots of incremental impacts illustrate the nonlinear behavior of depletion 
response over the range of pumping. The depletion response varies among subbasins and from 
year to year; and normally declines with increasing stress fraction. Cumulative plots, i.e. 
incremental impacts accumulated from zero to full pumping, illustrate the process of integrating 
the incremental impacts. 

Plots of incremental and cumulative impacts were produced in an Excel file for a solution 
for average future conditions for years 2009-2059 with IWS excluded from the base case, 
approximated with response-centered, 10-pct intervals. These figures give an overview how 
stream depletion varies with pumping, but some subbasins show more extreme nonlinearity, such 
as Beaver and Sappa Creeks, and the Main Stem Swanson to Harlan County Lake. 

Figs. 2a-c are plots for the total basin for future year 2059. Figs. 2a and 2b are line and 
bar graphs, respectively; both plot impacts in ten-percent increments of incremental impacts, and 
are simply two ways of showing the same data. Fig. 2a shows that the increments of total impact 
range in descending magnitude from 44.4 KAF to 12.4 KAF. The cumulative total impact in Fig. 
32 is 290.3 KAF. The plots show indiscernible discrepancy between the sum of the states’ gw 
CBCU and the total impact, as do plots of individual subbasins (Figs. 3-8). 

Projected incremental and cumulative impacts in 2059 are shown for Beaver Creek (Figs. 
3a-b), Sappa Creek (Figs. 4a-b), Main Stem Swanson-Harlan County Lake (Figs. 5a-b), Main 
Stem Above Swanson (Figs. 6a-b), Frenchman Basin (Figs. 7a-b) and South Fork (Figs. 8a-b). 

For Beaver Creek in 2059, Fig. 3a shows that no baseflow is available for depletion 
above 70 percent total pumping, so the cumulative impact of pumping (Fig. 3b) is constant from 
70 to 100 percent pumping. 

Figs. 4a and 4b show that Sappa Creek baseflow is also completely depleted above 70 
percent pumping. The incremental plots for Beaver and Sappa (Figs. 3a and 4a) both show how 
transitions over the range in pumping in how gw CBCU is distributed between KS and NE. 

Incremental impacts for the Main Stem reach from Swanson to Harlan (Fig. 5a) make a 
transition from large positive impacts to negative, from nearly 8 KAF in the first 10 pct of 
pumping, a steady decline through 60 pct pumping, then a sharper decline for 70 pct pumping 
and negative impacts of –3 KAF for 80 pct pumping and –2 KAF for 90 pct and 100 pct 
pumping. Consequently, the cumulative impacts (Fig. 5b) rise to 38 KAF at 70 pct pumping and 
then fall to 31 KAF at 100 pct pumping. 

The Main Stem reach above Swanson (Figs. 6a-b) also shows a transition for total impact 
increments from positive to slightly negative above 80 pct pumping (Fig. 6a), for which the 
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magnitude of Colorado’s negative impact increments slightly exceed Nebraska’s positive impact 
increments. 

Figs. 7a-b show projected impacts in 2059 for Frenchman Creek. Colorado’s incremental 
impacts shown in Fig. 7a decline over the range of pumping from 1625 af for the 0-10 pct 
pumping interval to 40 af for the 90-100 pct pumping interval. Colorado’s cumulative impact 
shown in Fig. 7b is 7360 af at 100 pct pumping, which is 8.3 percent of the total impact of 88.4 
KAF. 

Figs. 8a-b show projected impacts in 2059 for South Fork Republican River, based on the 
scenario that Bonny is included in the model. Incremental impacts decline steadily and then 
sharply for the 60-70 percent interval due to the Colorado CBCU component, which declines 
from 1675 af for the 50-60 pct interval to 175 af for the 60-70 pct interval. Kansas and Nebraska  
incremental impacts are nearly constant over the full range of pumping (Fig. 8a). 
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Figures and Tables 
 

Figures 

Fig. 1. Total discrepancy for cumulative impact between 0 and 100 percent stress fraction. 

Fig. 2a. Incremental impacts, total basin for average conditions projected to 2059. 

Fig. 2b. Incremental impacts, total basin for average conditions projected to 2059. 

Fig. 2c. Cumulative impacts, total basin for average conditions projected to 2059. 

Fig. 3a. Beaver Creek: Incremental impacts projected to 2059. 

Fig. 3b. Beaver Creek: Cumulative impacts projected to 2059. 

Fig. 4a. Sappa Creek: Incremental impacts projected to 2059. 

Fig. 4b. Sappa Creek: Cumulative impacts projected to 2059. 

Fig. 5a. Main Stem, Swanson to Harlan County Lake: Incremental impacts projected to 2059. 

Fig. 5b. Main Stem, Swanson to Harlan County Lake: Cumulative impacts projected to 2059. 

Fig. 6a. Main Stem, above Swanson: Incremental impacts projected to 2059. 

Fig. 6b. Main Stem, above Swanson: Cumulative impacts projected to 2059. 

Fig. 7a. Frenchman Creek: Incremental impacts projected to 2059. 

Fig. 7b. Frenchman Creek: Cumulative impacts projected to 2059. 

Fig. 8a. South Fork Republican River: Incremental impacts projected to 2059. 

Fig. 8b. South Fork Republican River: Cumulative impacts projected to 2059. 

Tables 

Table 1. Summary statistics for total impact discrepancy of integrated solution (ac-ft/yr). 

Table 2. Summary of solution average for 2001-2010 with No IWS in base case, calculated for 
10-percent pumping intervals, centered response functions: computed beneficial 
consumptive use (CBCU), IWS Credit and discrepancy. (Solution sum_pt1avg_NoMD) 
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Fig. 1. Total discrepancy for cumulative impact between 0 and 100 percent stress fraction. 
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Fig. 2a. Incremental impacts, total basin for average conditions projected to 2059. 
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Fig. 2b. Incremental impacts, total basin for average conditions projected to 2059. 
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Fig. 2c. Cumulative impacts, total basin for average conditions projected to 2059. 
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Fig. 3a. Beaver Creek: Incremental impacts projected to 2059. 
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Fig. 3b. Beaver Creek: Cumulative impacts projected to 2059. 
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Fig. 4a. Sappa Creek: Incremental impacts projected to 2059. 
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Fig. 4b. Sappa Creek: Cumulative impacts projected to 2059. 
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Fig. 5a. Main Stem, Swanson to Harlan County Lake: Incremental impacts projected to 2059. 
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Fig. 5b. Main Stem, Swanson to Harlan County Lake: Cumulative impacts projected to 2059. 
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Fig. 6a. Main Stem, above Swanson: Incremental impacts projected to 2059. 
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Fig. 6b. Main Stem, above Swanson: Cumulative impacts projected to 2059. 
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Fig. 7a. Frenchman Creek: Incremental impacts projected to 2059. 
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Fig. 7b. Frenchman Creek: Cumulative impacts projected to 2059. 
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Fig. 8a. South Fork Republican River: Incremental impacts projected to 2059. 

-500

0

500

1,000

1,500

2,000

2,500

3,000

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

A
n

n
u

al
 v

o
lu

m
e

 o
f 

w
at

e
r,

 a
cr

e
-f

e
e

t

Fraction of total pumping

Projected incremental impacts in 2059 for South Fork basin

total impact

CO CBCU

KS CBCU

NE CBCU

discrepancy

[x-axis labels identify the upper bound of each 10-percent interval.]

WSY/RC 
K33 

77 of 81



B31 
 

Fig. 8b. South Fork Republican River: Cumulative impacts projected to 2059. 
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Table 1. Summary statistics for total impact discrepancy of integrated solution (ac-ft/yr). 
Period mean std dev min max 

1950-2000 -0.8 4.0 -11.5 12.0 

2001-2010 -2.5 6.1 -12.0 11.0 
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Table 2. Summary of solution average for 2001-2010 with No IWS in base case, calculated for 10-percent pumping intervals, centered 
response functions: computed beneficial consumptive use (CBCU), IWS Credit and discrepancy. (Solution sum_pt1avg_NoMD) 

Account 

computed 
baseflow 
(No IWS) 

Total 
pumping 
impact 

CO gw 
CBCU 

KS gw 
CBCU 

NE gw 
CBCU 

IWS 
Credit 

NE-IWS 
Credit 

sum 
CO+KS+NE 
gw CBCU 

mean 
error 

std dev 
error 

Arikaree 1027 1632 1249 123 260 0 260 1632 0 2 

Beaver 691 9687 0 5098 4589 0 4589 9687 0 0 

Buffalo 2176 3780 357 0 3423 0 3423 3780 0 0 

Driftwood 1227 1324 0 0 1324 0 1324 1324 0 0 

Frenchman 16481 83140 3170 0 79970 0 79970 83140 0 1 

North Fork 32730 15401 14563 0 836 0 836 15399 -2 1 

Above Swanson -20422 10219 -2098 204 12112 0 12112 10219 0 5 

Swanson - Harlan -10832 29827 0 -21 29851 7118 22733 29830 3 2 

Harlan - Guide Rock 37547 25465 0 0 25461 244 25217 25461 -4 4 

Guide Rock - Hardy 15925 2893 0 57 2837 -1 2838 2893 0 0 

Medicine 22725 20167 0 0 20167 9780 10387 20167 0 0 

Prairie Dog 529 5253 0 5243 9 0 9 5251 -1 2 

Red Willow 5115 6685 0 0 6685 36 6649 6685 0 0 

Rock 5121 3889 71 0 3817 0 3817 3888 0 0 

Sappa 237 3246 0 1196 2050 14 2035 3246 0 0 

South Fork 4584 18678 11653 5786 1235 0 1235 18674 -4 8 

Hugh Butler 513 1696 0 0 1696 0 1696 1696 0 0 

Bonny -1925 1269 1263 0 0 0 0 1263 -6 2 

Keith Sebelius 2258 492 0 492 0 0 0 492 0 0 

Enders -3253 4468 0 0 4464 0 4464 4464 -4 1 

Harlan 1574 871 0 60 811 16 796 871 0 0 

Harry Strunk -2555 347 0 0 347 0 347 347 0 0 

Swanson -1980 353 9 0 340 0 340 350 -4 3 

Mainstem Total 22218 68404 -2101 243 70261 7356 62905 68404 1 4 

Total 109492 250779 30241 18250 202286 17211 185075 250776 -2 6 
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